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[H] .
$A$ $\mathrm{I}\mathrm{I}_{1}- \mathrm{f}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{o}\mathrm{r},$ $C$ finite index A-A bimodule tensor category
(irreducible decomposition, direct sum, relative tensor product, unitary equivalence,
conjugation ). $C$ irreducible bimodule unitary
equivalence class $S$ $\mathbb{C}[S]$ A-relative tensor product
fusion algebra $([\mathrm{H}\mathrm{I}])$ . bimodule
tensor category fusion algebra random walk
. [H] $([\mathrm{H}\mathrm{Y}], [\mathrm{H}\mathrm{I}])$ .
Definition 1. Let $\mathbb{C}[S]$ be a fusion algebra with the multiplicative unit $I\in S$ .
Take two probability measures $\mu,$ $\nu$ on $S$ and fix them. For a function $f\in l^{\infty}(S)$ ,
(1) $f$ is ( $l^{\chi I)},\text{ }$ -har7rlon if for $s\in S$ ,
$f(s)= \sum_{t\in S}\mu*\delta S*\nu(t)f(t)$ .
(2) $f$ is lefl $\mu$ -harmonic if it is $(\mu, \delta_{I})$ -harmonic.
(3) $f$ is right $\mu$ -harrnonic if it is $(\delta_{I}, \mu)$ -harmonic.
The vector space consisting of all $(\mu, \nu)$ -harmonic functions is a closed subspace
of $l^{\infty}(S)$ , which is referred to as the $(\mu, \nu)$ -harmonic function space. Similarly we
define left or right harmonic function spaces.
Notation8.
(1) Let $C$ be a $C^{*}$-tensor category and $\mathbb{C}[S]$ be the associated fusion algebra.
For each $X,$ $Y\in \mathrm{O}\mathrm{b}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}(C)$ , we write
$X\mathrm{Y}=x\otimes Y$,
$=\mathrm{H}_{0}\mathrm{m}(\mathrm{Y}, X)$ ,
$N_{X}^{Y}=\dim=\dim \mathrm{H}\mathrm{o}\mathrm{m}(\mathrm{Y}, x)$ ,
$\delta_{X}=d(x)^{-}1\sum_{s\in S}N^{s}x^{d(}s)\delta_{\mathit{8}}$
.
(2) For a von Neumann algebra $M$ , we denote its center by $Z(M)$ .
1131 2000 26-31 26
$S$ probability measure \mu ’ , [HY] , bimodule $X$
von Neumann algebra $A_{\infty}(X)$ bimodule $x_{\infty}$ . $Z(A_{\infty}(x))$
( $\mathrm{A}_{\infty}(X)$ center) left $\mu$-harmonic function – – .
There exists a one to one correspondence between the left $\mu$-harmonic function
space and the center of $A_{\infty}(X)$ such that
$E_{A_{n}(X)(}X)= \sum_{S\in s}f(s)IASn(\mathrm{x})$
,
where $x\in Z(A_{\infty}(X))$ (the center of $A_{\infty}(X)$ ) and $f$ is a left $\mu$-harmonic function.
(“$E$” means the trace-preserving conditional expectation.)





Proposition 2. Let $X$ be an object in C. If $XX^{*}$ generate8 the category $C$ , then
the inclusion $A_{\infty}\subseteq A_{\infty}(X)$ is connected, $i.e.$ ,
$Z(A_{\infty})\cap z(A_{\infty}(X))=\mathbb{C}$.
inclusion $A_{\infty}\subset A_{\infty}(X)$ Pimsner-Popa index
. Jones tower
$N\subset M\subset M_{1}\subset\cdots\subset M_{\infty}$
$Z(N’\cap M_{\infty})$ atomic diffuse
.
Proposition 3. Assume that the tensor category $C$ is finitely generated. Then the
left $\mu$ -harmonic function space is either atomic or diffuse.
[HY] commuting square probability measure
.
Proposition 4. The $(\mu, \mu)$ -harmonic function space consists of only constant
functions.
.
Corollary 5. If $\mathbb{C}[S]$ is commutative, $\mu$ is always ergodic.
$\mathbb{C}[S]$ , weakly amenable ( $[\mathrm{H}\mathrm{I}1[\mathrm{G}|$ ).
Proposition 4 . Theorem 7 .
Corollary 6. For any left $\mu$ -harmonic functions $f$ and $g$ , we have
$\lim_{karrow\infty}\lim_{\infty narrow}\sum_{Ss,,t\epsilon}f(S)g(t)\mu(s).\delta_{S}*\mu^{k}(i)=f(I)g(I)n$ .
fusion algebra amenable . S. Popa [P]
.
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Theorem (Popa [P]). Let $N\subset M$ be an amenable inclusion of $II_{1}$ -factors with
finite index. Then almost ergodicity implies ergodicity.
$N\subset M\subset M_{1}\subset M_{2}\subset\cdots\subset M_{\infty}$ Jones tower . $N\subset M$
amenable $Z(N’\cap M_{\infty})$ –
. – probability measure $\mu$ .
.
Theorem 7. Assume that $C$ is amenable. Let $\mu$ be a symmetric generating prob-
ability measure on $S$ such that $I\in \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\mathrm{o}\mathrm{r}\mathrm{t}(\mu)$ . Then the left $\mu$-harmonic function
space is either trivial or infinite dimensional.
[HY] . subfactor
Popa , .
. $C(\mathbb{C}[S])$ amenable $\dim Z(A_{\infty})$
$<\infty$ $Z(A_{\infty})=\mathbb{C}$ . $Z(A_{\infty})$ minimal projection $I$
partition $\{p_{i}\}_{i=^{0}1}^{n}$ $p_{i}$ left $\mu-,\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{m}0\mathrm{n}\mathrm{i}\mathrm{c}$ function $f_{i}$ .
$\tau(p_{i})=f_{i}(I)$ .




$R(X)(i,j)=\dim p_{i}X\infty p_{jA_{\infty}p_{j}}$ ,
where $d(\cdot)$ denotes the quantum dimension (the square root of the minimal index),
$[\cdot]$ means Jones index, and “$\mathrm{d}\mathrm{i}\mathrm{m}$” is the coupling constant. Here we recall that
the Jones index [X] of an A-B bimodule $X$ is given by
$[X]=(\dim_{A}X)\cdot(\dim x_{B})$ .
$L(X)$ .
Lemma 9. For each $X\in \mathrm{O}\mathrm{b}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}(C)$,
$L(X)(i, j)= \frac{d(X)}{\tau(p_{i})}\lim_{narrow\infty}\sum_{tS,,\in s}f_{j}(\mathit{8})fi(t)\mu^{n}(s)\delta s^{*}\delta_{x}*(t)$ .
matrix $M(X),$ $\Delta(X),$ $L(X),$ $R(X)$
.
Lemma 10. For each $X,$ $\mathrm{Y}\in \mathrm{O}\mathrm{b}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}(C)$ , the following statements hold:
(1) $M(X\oplus Y)=M(X)+M(Y)$ .
(2) $M(XY)=M(X)M(Y)$ .
(3) $M(X^{*})=Mt(X)$ .
(4) $\Delta(X\mathrm{Y})(i,j)\geq(\Delta(X)\Delta(Y))(i, j)$ .
(5) $\triangle(X)(i, j)\geq M(x)(i, j)$ .
(6) $\triangle(X)(i, j)=(L(X)(i,j)R(x)(i,j))\frac{1}{2}$ .
(7) $R(X)(i, j)=L(X^{*})(j, i)$ .
Perron-Frobenius .
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Lemma 11. For each $X\in \mathrm{O}\mathrm{b}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}(C)$ such that $XX^{*}$ is a generator, the following
inequality holds:
$||L_{XX^{*}}||\leq||M(Xx^{*})||\leq||\triangle(xx^{*})||\leq d(X)^{2}$
where $L_{XX}*is$ the left regular representation of $XX^{*}$ on $l^{2}(S)$ (see the definition
of amenability of fusion algebras in [$HY$, Definition 2.1]$)$ , $i.e.$ ,




Corollary 12. For each $X\in \mathrm{O}\mathrm{b}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}(C)$ , we have
$\Delta(X)=M(x)$ .
$d(_{A_{\infty}p_{i}}pix\infty^{p}jA_{\infty^{p_{j}}})=[_{A_{\infty}p_{i}P^{X}}i\infty PjA_{\infty}pj]^{\frac{\perp}{2}}$
. inclusion $A_{\infty}p_{i}\subset \mathrm{E}\mathrm{n}\mathrm{d}(p_{i}X_{\infty}p_{jA\infty p})j$ extremal
.
Lemma 13. The number
$\alpha_{i,j}=\frac{R(X)(i,j)}{L(X)(i,j)}$











(2) For each $X\in \mathrm{o}\mathrm{b}\mathrm{j}\mathrm{e}\mathrm{C}\mathrm{t}(C)$ ,
$||\Delta(X)||=d(X)$ .
29
Theorem 7 . We have only to prove that, if the left $\mu- \mathrm{h}\mathrm{a}\mathrm{r}\mathrm{m}\mathrm{o}\mathrm{n}\mathrm{i}_{\mathrm{C}}$ function
space is finite dimensional, it is one-dimensional. We continue to use the notations
as above. Recall that $p_{i}\in Z(A_{\infty})$ corresponds to a left $\mu$-harrnonic function $f_{i}$ .
For each probability measure $\nu$ on $S$ , define an $n_{0}\mathrm{x}n_{0}$ matrix $L_{\nu}$ by
$L_{\nu}(i, j)=s \in\sum\frac{\nu(s)}{d(s)}sL(s)(i,j)$ .
Although the notation is not explicit, we remark that $L(S)(i, j)$ depends on $\mu$ . By
Lemma 9, we get
$L_{\nu}(i,j)= \frac{1}{\tau(p_{i})}\lim_{narrow\infty}s,t,u\sum_{\in s}\nu(S)fj(t)f_{i}(u)\mu^{n}(t)\delta_{t}*\delta_{s}(u)$
$= \frac{1}{\tau(p_{i})}\lim_{narrow\infty}\sum_{t,u\in s}f_{j}(t)f_{i}(u)\mu n(t)\delta t^{*\nu(u)}$ .
This expression, together with the relation $L_{\nu^{k}}=(L_{\nu})^{k}$ , enables us to show that
$L_{\mu}^{k}(i, j)=L_{\mu^{k}}(i, j)$
$= \frac{1}{\tau(p_{i})}\lim_{narrow\infty}\sum f_{j\prime()f_{i}}t(\cdot u)\mu^{n}(t)\delta_{t\mu^{k}}*(u)t,u\in S$
$arrow\tau(p_{j})$
as $karrow\infty$ . (Here we use Corollary 6.) For each probability measure $\nu$ on $S$ , define
$\triangle_{\nu}(i, j)=\sum s\in s\frac{\nu(s)}{d(s)}\triangle(_{S)(}i, j)$ .
Then we compute
$\triangle_{\mu}^{k}(i, j)=\sum\frac{\mu^{k}(s)}{d(s)}\mathit{8}\in s\Delta(s)(i,j)$
$= \sum_{s\in S}\frac{\mu^{k}(s)}{d(s)}\alpha^{\frac{1}{i2}},jL(_{S)(j}i,)=\alpha^{\frac{1}{i2}},Lk(j\mu ji,)$ .
Thus $\Delta_{\mu}^{k}(i, j)$ tends to $\alpha^{\frac{1}{i2}},\tau(jpj)$ as $karrow\infty$ . On the other hand, by the definition





This implies that the common Perron-Frobenius eigenvector $\gamma$ obtained in Lemma
14 is proportional to $(\tau(p_{1})^{\frac{1}{2}}, \cdots, \tau(p_{n\mathrm{o}})^{\frac{1}{2}})$ . Therefore, for each $s\in S$ ,
$d(s) \mathcal{T}(pi)^{\frac{1}{2}}=\sum_{j}\triangle(S)(i,j)\mathcal{T}(p_{j})\frac{1}{2}$
$= \sum_{j}\alpha^{\frac{1}{i2}},L(js)(i, j)T(p_{j})\frac{1}{2}$
$= \sum_{j}(\frac{\tau(p_{i})}{\tau(p_{j})})^{\frac{1}{2}}\{\frac{d(s)}{\tau(p_{i})}\lim_{narrow\infty}t,\in s\sum_{u}f_{j}(t)fi(u)\mu^{n}(t)\delta t*\delta_{S^{*}}(u)\}_{\mathcal{T}()^{\frac{1}{2}}}pj$
$=d(s) \frac{f_{i}(s^{*})}{\tau(p_{i})^{\frac{1}{2}}}$ ,
and we have $\tau(p_{i})=f_{i}(s^{*})$ . This is equivalent to the relation $f_{i}(I)=f_{i}(s^{*})$ . Since
$s$ is arbitrary, each $f_{i}$ must be a constant function, showing that $\mu$ is ergodic. $\square$
Remark.
(1) , left $\mu$-harmonic function space amenability
trivial diffuse ( [K], .
. [H] ). – bimodule fusion
algebra , 2 U. Haagerup $([\mathrm{H}\mathrm{a}])$ .
non-amenable .
(2) left $\mu$-harmonic function space ( $Z(N’\cap M_{\infty})$ ) atomic
( ) .
(3) fusion algebra bimodule .
fusion algebra .
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